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INTRODUCTION AND PRELIMINARIES
Ž . w x 0.1. Given a Cartan datum I, и in Lusztig's sense L, p. 2 , or, equivalently, a symmetrizable generalized Cartan matrix in Kac's sense w x K1, pp. 1, 14 , one has, on one hand, the Drinfeld᎐Jimbo quantized y 0 q Ž w x . enveloping algebra U s U m U m U see, e.g., L, 3.1.1, 3.2.5 of the Ž . Ž w x . Kac᎐Moody algebra of type I, и see, e.g., K1, 0.3.1 ; on the other hand, Ž . Ž . the twisted generic version C C# A of the composition algebra C C A in w x Ringel's sense R3; R1; R7; R10, Part III, Sect. 5 , where A is a finite-Ž . Ž dimensional hereditary algebra over a finite field of type I, и see, e.g., w
x . w x Ž . R10, Part III, Sect. 4 . Ringel proves in R7; also R3 that C C# A satisfies the quantum Serre relations, which induces an algebra epimorphism q Ž .
Ž . w U ª C C# A ; Green introduces a comultiplication for C C# A G1, Theox Ž . rem 1 , and then proves that there exists an algebra epimorphism C C# A w x q w ª f, where f is defined in L, p. 5 which is isomorphic to U ; see L, 33, x q Ž . 1.5 . These give the famous Ringel᎐Green isomorphism: U ( C C# A Žw x w x . G1, Theorem 3 ; also R3, p. 586; R4, p. 400; R8, p. 105 . This realization of U q in terms of the representation theory of finitedimensional hereditary algebras provides the Ringel᎐Hall algebra ap-Ž proach to quantum groups. Thus, information on A-modules e.g., being . indecomposable, preprojective, regular, dimension vectors, defects, etc. gives new information on elements of U q ; and information on the module Ž category of A e.g., the Auslander᎐Reiten quivers, the reflection functors, . exceptional sequences, tubes, etc. gives new information on the structure of U q . This remarkable isomorphism also allows us to present a natural basis of U q in terms of A-representations. If A is representation-finite, w x Ž . then it is proved in R4, Prop. 6 that the subalgebra C C# A of the Ž . Ž . Ringel᎐Hall algebra H H# A coincides with H H# A , and then it is proved in w x R9 that the elements corresponding to A-indecomposables give a Poincare᎐Birkhoff᎐Witt basis of U q , and, moreover, one can get U q as ań iterated skew polynomial ring by the Auslander᎐Reiten quiver. If A is Ž . Ž . representation-infinite, then C C# A is a proper subalgebra of H H# A . Note that the composition algebras of tubes are completely determined in w x q R6 . Thus, in order to carry information on A-modules into U , the first Ž . question is to determine which kinds of elements in H H# A , that is, which kinds of isoclasses of finite A-modules, or combinations of isoclasses of Ž . Ž . A-modules, lie in C C# A , and then to see what the structure of C C# A looks like.
Ž . The aim of this paper is to study the structure of C C# A for A being of affine type. For simplicity, we only deal with the simply laced case and the Ž untwisted multiplication however, all considerations hold for the twisted w x. Ž. one introduced in R7 . It turns out that C C A has a triangular decomposition P P m T T m I I corresponding to the division of the indecomposable modules into the preprojective, the regular, and the preinjective ones.
Ž . Thus, after taking the twisted and generic version of C C A , we obtain a corresponding triangular decomposition for U q , in particular, a natural basis of U q in terms of representations of A. ª ª 0.2. Let A s k^be the path algebra of a finite quiver^over a finite field k with q elements. All A-modules considered are finite-dimensional over k, and hence are finite as sets. For the representation theory of A, we w x refer the reader to DR, R0, CB, Ker, ARS . In the standard literature, k is usually assumed to be algebraically closed. We keep vigilance such that what we use are valid for a finite field.
Ž . Ž . Let P i and I i denote the projective and the injective at vertex i, Ž . Ž . respectively, and let S i denote the simple with projective cover P i , and Ž .
n injective hull I i . For a module X, denote by dim X g ‫ގ‬ the dimension 0 Ž . Ž . vector of X; that is, dim X is the Jordan᎐Holder multiplicity of S i in i Ž . Ž Ž . . X. Since A is a path algebra, we have dim X s dim Hom P i , X .
yT T Consider the Ringel form ᎐, ᎐ on ‫ޚ‬ : x, y s xC y , where C is the Ž . Ž w x . matrix with ith column being dim P j . Then see R0, p. 70 : Ž . called a positive root of^if q x F 1; a positive root x is said to be real Ž . if q x s 1. Then the set of positive roots of^is exactly the set of the dimension vectors of A-indecomposables; and if x is a positive real root, Ž then there is a unique indecomposable with dimension vector x see, e.g., w
x . Ž w x K2, p. 79 . For^being a Dynkin diagram, this is due to Gabriel G : The map X ª dim X gives a bijection between the isoclasses of A-indecomposables and the positive real roots of^; for^being a Euclidean w x. diagram, see also R0, p. 130 .
Since A is hereditary, the Auslander᎐Reiten translates are endofunc-1 Ž .
y1
tors of the category of finite A-modules with s D Ext ᎐, A and s
dim X ⌽ for X having no projective summands, and dim X s Ž . y 1 dim X ⌽ for X having no injective summands. Recall the Auslander᎐Reiten formula:
Now suppose that^is a Euclidean diagram. A positive root z with Ž . Ž q z s 0 is said to be imaginary. Contrary to an algebraically closed field, for a positive imaginary root z, there are only finitely many A-indecom-. posables M with dim M s z. Then there is a unique minimal positive Ä n Ž . 4 imaginary root n such that z g ‫ގ‬ N q z s 0 s ‫ޚ‬n. This n is as follows 0 Ž w x . see, e.g., DR, Tables   1  1  1 иии 1Ã : 1 иии 1 n q 1 vertices ,
: 1 2 3 2 1, E : 1 2 3 4 3 2 1, 6 7 3 E : 1 2 3 4 5 6 4 2.
8
The Auslander᎐Reiten quiver of A in this case has one preprojective component, one preinjective component, and a separating tubular family Žbut it is not parametrized by the projective line ‫ސ‬ k as over an alge-
1
. braically closed field . In particular, if P, R, I are indecomposable preprojective, regular, preinjective, respectively, then
Note that the dimension vector of a homogeneous quasi-simple may be not n, but a multiple of n; however, there exists a homogeneous quasi-simple Ž with dimension vector n This is also true for a finite field; for a complete w x proof see for example Z1, Proposition 1.1 . It uses the perpendicular . category and reduces to the Kronecker case. For a tube T of rank m G 2, any indecomposable of quasi-length m in T is of dimension vector n; in particular, the direct sum of all quasi-simples in T has the dimension w x vector n. See DR . Ž . We shall use the normalized defect function introduced by Dlab and w x Ž . Ringel DR, p. 11; R0, p. 149 . By definition, the defect Ѩ M of a module ² :Ž n . M is n, dim M we also say the defect of an element in ‫ގ‬ . Thus, given 0 a short exact sequence 0 ª X ª M ª Y ª 0, we have the so-called defect formula:
Ž . An indecomposable M is preprojective resp. regular; preinjective if and
Then for any regular module N with dim N s n we have 
with middle term L, and a the order of automorphism group of M as M A-module. Then
The formula iii is due to Rm, GP see also G1 . For information on w x a , we refer the reader to R1, Z . 
where M runs over the regulars may be decomposable with dim M s d.
Ž .
ŽThis is a finite sum since A is finitary; if there are no regulars M with
Ž. Then X g C C A see R9, Z . The subalgebra of H H A generated by all regular stones is denoted by S S.
Ž . Let P P and I I be the subalgebras of H H A generated by indecomposable preprojectives and indecomposable preinjectives, respectively. Then Ž . w x Ž w x. P P resp. I I has a basis P see I with P running over preprojectives Ž . resp. I running over preinjectives . Thus we get subalgebras of Ž . Ž C C A : T T, S S , P P, I I we use, for example, P P instead of P P if we need to A . specify A .
Ž . Let P P и T T и I I be the ‫-ޑ‬subspace of H H A spanned by all elements w x w x w x w x P и r иии r и I , where P g P P, I g I I, and m G 0. Similarly, we 
Since P P и T T и I I s P P m T T m I I, we then get a triangular decomposition ‫ޑ‬ ‫ޑ‬ Ž . structure for C C A . If we take a basis of T T, then we get a natural basis of Ž . C C A . 0.5. In Section 1 we deal with modules M with dim M P r n, and prove Ž . Theorem 1.1. For modules M with dim M ) n and Ѩ M s "1, we factor Ž . it by using a homogeneous quasi-simple H with dim H s n 2.1᎐2.3 . See also Propositions 2.6 and 2.7. These are basic steps for our reductions.
In Section 3 we use the Ringel monomials to prove some lemmas on commutative behaviors, which turn out to be useful for later applications. Since these monomials start with simple injectives, in order to minimize Ž . this restriction, we apply the Auslander᎐Reiten transformations in H H A ; see Section 4.
In Section 5 we deal with the Hall products which are of degree n. Lemma 5.1 and Theorem 5.2 seem to be unavoidable for reductions.
A formalization of arguments for proving the Main Theorem is described in Section 6; and then the Main Theorem is proved for type A n Ž . 6.4 , this proof is independent of the orientations.
In Section 7 we use the reflections on composition algebras to show that, in order to prove the Main Theorem, it suffices to consider only one orientation for every type of diagram.
Sections 8 and 9 are devoted to the proofs of the Main Theorem for typẽ˜˜D , E , E , or E , by choosing some special orientations. Finally, we give n 6 7 8 some consequences of the Main Theorem in Section 10. positive imaginary root n. The aim of this section is to prove Ž . THEOREM 1.1. Let S S , T T, P P, I I be the subalgebras of C C A defined in 0.4. Then

SUBALGEBRAS OF
C C A Ž . Ž . n Let x s x , . . . , x , y s y , . . . , y g ‫ގ‬ . Define x F y pointwisely 1 n 1 n 0 Ž . i.e., x F y for 1 F i F n ;
Ž .
i S S is generated by quasi-simple regular stones, and S S : T T.
Ž . w x ii Let M be an A-module with dim M P r n. Then M g P P и S S и I I. w x In particular, if M is a regular with dim M P r n, then M g S S.
iii S S и P P : P P и S S.
1.4. Given elements x, y in a ring R, the element xy y yx is called the commutator of x and y. 
with quasi-top M and quasi-length t.
Thus, the assertion follows by induction on t.
Ž. Since M m y 1 is a stone, the assertion follows from i . 2 Ž . 1.5. Proof of Theorem 1.1. By Lemma 1.4 i we see that S S is generated by all quasi-simple regular stones, and then by Lemma 1.3 we have S S : T T.
Let M be a regular A-module with dim M P r n. Use induction on 1 Ž .
and for every N in the sum with c / 0, we know that N is again regular
w x e.g., GP, Prop. 2.1 . Then N g S S by induction, and hence M g S S. This Ž . proves ii .
Ž . By duality it remains to prove iii . Since S S is generated by quasi-simple w x regular stones, it suffices to prove M и P P g P P и S S for any quasi-simple g regular stone M. For this, let 0 ª P ª X ª M ª 0 be a nonsplit exact Ž sequence with P preprojective. Then X is preprojective otherwise, the restriction of g to a regular direct summand of X is epic since M is . quasi-simple, and then its kernel is a nonzero regular submodule of P! . It follows that
In this section we discuss factorizations of some elements in C C A which will be useful to our reductions. It seems that it is also of independent˜˜˜ĩ nterest. Let A denote a path algebra of type A , D , E , E , or E , with 
i Let 0 / f : P ª P with P preprojecti¨e. Then f is injecti¨e. Ž . Ž . Proof. By duality we only need to prove i and ii .
regular. In particular, if M additionally is quasi-simple, then f is injecti¨e or surjecti¨e.
Ž X . i Let 0 / g: I ª I with I preinjecti¨e. Then g is surjecti¨e. 1 Ž X . Ž . ii Let 0 / g: M ª I . Then
Ž .
w x i This observation is due to BGL, 2.1 : By the defect formula we have
Ž . This forces Ker f s 0.
Ž . ii Let Ker f / 0. Again by the defect formula we have
PROPOSITION 2.2. Let H be a homogeneous quasi-simple with dim H s n.
Ž . i If P is preprojecti¨e with Ѩ P s y1 and dim P -r n, then there X Ž X . exists a preprojecti¨e P with Ѩ P s y1 such that
If I is preinjecti¨e with Ѩ I s 1 and dim I -r n, then there exists a
Ž . Since dim P -r n s dim H, we have Ker f / 0. By Lemma 2.1, Im f is regular. Since H has no nontrivial regular submodules, it follows that
by Lemma 0.3 we have
Since the Hall algebra of a polynomial ring is commutative see w x . M, p. 183 , and since homomorphisms and extensions between two indecomposables from different homogeneous tubes are zero, we know Ž . that the subalgebra of H H A generated by all direct sums of homogeneous Ž . regular indecomposables is in the center of the subalgebra of H H A w x generated by all regular modules. In particular, H commutes with every element in T T.
Ž . COROLLARY 2.3. i Let P be a preprojecti¨e with Ѩ P s y1. Then either dim P -n or dim P ) n.
Let I be a preinjecti¨e with Ѩ I s 1. Then either dim I -n or dim I ) n. PROPOSITION 2.4. Let N be an indecomposable with dim N s n.
i If P is preprojecti¨e, then
Moreo¨er, if N is a homogeneous quasi-simple, then
w x w x yѨ Ž P . w x w x N и P y q P и N g P P. Ž X . i If I is preinjecti¨e, then w x w x Ѩ Ž I . w x w x I и N y q N и I g S S и I I.
Ž . Proof. By duality we only need to prove i . Assume that 0 ª P ª g M ª N ª 0 is a nonsplit exact sequence. Since, by assumption, N is X X Ž . regular, we have M s P [ R with P a nonzero preprojective and R a < regular. Let R / 0 and h s g . Since P has no regular submodules, it R Ž . follows that Ker h s 0. Also, h cannot be surjective since the sequence is Ž . nonsplit. Thus, dim R -n, and then by Theorem 1.1 ii we know that w x w x Ž . Ž . R g S S , and M g P P и S S. Since dim Hom P, N s yѨ P , it follows k Ž .
Ž . w x w x yѨ Ž P . w x w x from Lemma 0.3 i and ii that N и P g q P и N q P P и S S. If N is a homogeneous quasi-simple, then the module R above must be zero since N has no nontrivial regular submodules. From this the assertion follows.
LEMMA 2.5. Let P and I be an indecomposable preprojecti¨e and preinjecti¨e, respecti¨ely.
Ž . Ž . Proof. By duality we only need to prove i . Since q dim P y n s ² : dim P y n, dim P y n s 1, it follows that there exists a unique indecomposable M with dimension vector dim P y n, and M is preprojective Ž . Ž .
and hence dim P ) n.
Ž . Ž . PROPOSITION 2.6. i Let P and P be preprojecti¨es with Ѩ P s y1 y1
Let I and I be preinjecti¨es with Ѩ I s 1. If dim I ) n and
Proof. By duality we only need to prove i . By Lemma 2.5 i we see that dim y1 P ) n. Since dim P ) r n, it follows from Lemma 2.1 that
Since dim P ) n and dim P ) r n, it follows that P is not a direct y1 y1
Ž . w x w x summand of P, and hence by Lemma 0.3 i we have P и P s y1 dim HomŽ P , P .
Ž . PROPOSITION 2.7. i Let S b be a simple injecti¨e, and let P and P y1 Ž . Ž . be preprojecti¨es with Ѩ P s y1. If dim P q dim S b s n and
Let S a be a simple projecti¨e, and let I and I be preinjecti¨es
By duality we only need to prove i . Assume that Ext P, P A y1
the other hand, we have
where the last equality follows from the definition of the Coxeter transfor-Ž . mation ⌽. It follows that dim P G n q dim P b , which contradicts the assumption.
Ž . If, in addition, dim P q dim S b P r n, then P is not a direct sumy1 Ž . w x w x mand of P, and hence by Lemma 0.3 i we have P и P s y1 dim HomŽ P , P .
2.8. We introduce the following notion, which will be essential in Section 9. Let P be a preprojective of defect ys. The dual notion is used for preinjectives I with defect s. In particular, s w x w x w x w x if I is completely factorial, then it is denoted by I s I и I .
3. RINGEL MONOMIALS w x Ž . 3.1. Let A be a finitary k-algebra, and let X s Ý c M g H H A .
Ž . In Z we have defined the regular part r X of X to be
A 1 n 0 w x has introduced the following monomial in R8, p. 95 :
where P, I, and c run over the preprojectives, preinjectives, and elements in ‫ގ‬ n such that
ŽWe emphasize that P, c, or I above may be zero, and that the monomial u can be written in such a way that it starts with an arbitrary simple 
Ž .
Proof. Suppose that M is not regular.
with P X , R, and I being preprojective, regular, and preinjective, respec-
X X Ž X . tively. Since Ѩ M s 0, we have P / 0 / I , and hence Hom P, P / Ž X . 0 / Hom I , I . It follows from Lemma 2.1 that
This forces R s 0, P X ( P, and I X ( I. Thus, the given sequence splits. The completes the proof.
X LEMMA 3.3. Let S be a simple injecti¨e with Ѩ S s 1 and S be a simple Ž X . projecti¨e with Ѩ S s y1. Then Ž . w x w x dim k HomŽ P , S . w x w x i S и P g q Pи S q T T for preprojecti¨es P with Ž . Ѩ P s y1.
Proof. By duality we only need to prove i . By Proposition 3.2 it Žw x w x. w x w x suffices to prove the regular part r S и P of S и P is in T T. We do this by induction on d X s dim P.
Ž . By ) in 3.1 we have
Thus, we have
Žw x w X x w X x. Taking the regular parts of both sides and noting that r S и P и r и I c s 0 if I X / 0, we get
Ž . For those terms S и P и r и I with I s 0, we have Ѩ P s Ѩ P s c y1. Thus, by Proposition 3.2 we have
Since dim P -dim P, we have r S и P g T T by induction and Theo-Ž . Žw x w x. rem 1.1 ii . It follows that r S и P g T T. This completes the proof.
X LEMMA 3.4. Let S be a simple injecti¨e with Ѩ S s 1 and S be a simple Ž X .
n projecti¨e with Ѩ S s y1, and let d g ‫ގ‬ . Then
Proof. By duality we only need to prove i . Assume that r / 0. Then
w x w x Noting that S и r is a combination of M such that each M has no d w x preprojective direct summands, and that X is a combination of N such Ž that each N has a nonzero preprojective direct summand observe that if Ž . w x w x w x w x Ѩ P -y1, then S и P is a combination of N such that each N has Ž . Ž . . a nonzero preprojective direct summand since Ѩ P q Ѩ S -0 , it fol-Ž . w x lows that X must be zero. Thus, by Lemma 3.3 i we have S и r g T T и I I. 
X n X i Let S be a simple injecti¨e, and d g ‫ގ‬ with dim S q d s d.
Let S be a simple projecti¨e, and d g ‫ގ‬ with
Proof. By duality it suffices to prove i . Assume that r / 0. Then by
, it follows that P / 0 / I. Applying the Ž . w x w x inductive hypothesis D to S и P и r , we know it is in P P и T T и I I. It c follows that
Ž . Remark. Note that S in lemma 3.5 i need not be of defect y1 as in Ž . Ž . Lemma 3.4 i ; however, we have to use D . Although the conclusion of Lemma 3.4 is contained in Lemma 3.5, we still need it since it need not use Ž . D . This is essential for applying the Auslander᎐Reiten transformations.
AUSLANDER᎐REITEN TRANSFORMATIONS
The Auslander᎐Reiten translates are basic tools in the representation w x theory of algebras. As pointed out in R9 , they are also very useful in the Ringel᎐Hall algebras, composition algebras, and quantum groups. 
LEMMA. Let A be a finitary hereditary k-algebra.
Ž . i If both M and N ha¨e no projecti¨e direct summands, then
w x w x w x w x M и N s M и N . Ž . Ž X . i
If both M and N ha¨e no injecti¨e direct summands, then
Ž . Proof. By duality we only need to prove i . Since both M and N have no projective direct summands, it suffices to prove
a , and hence the assertion follows from Lemma 0.3.
M PROPOSITION 4.2. Let A be a finitary hereditary k-algebra. Then A is Ž . representation-infinite if and only if C C A has a nonzero subalgebra, for which is an algebra automorphism. In this case we ha¨e
Ž . i The Auslander᎐Reiten transformation is an automorphism of subalgebras T T and S S with in¨erse
y1 .
Ž .
y1
ii is an endomorphism of the subalgebra I I, and is an endomorphism of the subalgebra P P.
Ž . y1 Ž . iii P P и T T и I I : P P и T T и I I; P P и T T и I I : P P и T T и I I.
Proof. This follows from Lemma 4.1 and the fact that r s r , Ž . LEMMA 4.3. Let P be preprojecti¨e with Ѩ P s y1 and I be preinjecti¨e Ž . w x w x dim k HomŽ P , I . w x w x with Ѩ I s 1. Then I и P g q Pи I q T T, pro¨ided that one of the following conditions is satisfied:
Ž . 
5.2. For the proof we need the following notion. M. Let T , . . . , T be all the nonhomogeneous tubes of A. We define
Ž . Ž . i Let
where H runs over the homogeneous quasi-simples with dim H s n.
Ž . Dually, let S a be of defect y1 with critical module I . Then for every 
where H runs over the homogeneous quasi-simples with dim H s n. is regular since dim N s n is an imaginary root. We claim that N is either a homogeneous quasi-simple or isomorphic to N .
THEOREM. With the preceding notations, we ha¨e
Ž . w Ž .x w x w x w Ž .x i S b и P s P и S b q h . b b b , n Ž X . w x w Ž .x w Ž .x w x i I и S a s S a и I q h . a a n, a Ž . w Ž .x w x m w x m w Ž .x Ž m . Ž .w x my 1 ii S b и P g P и S b q 1 y q r 1 y q P и h b b b b , n q P P и S S : P P и T T и I I. Ž X . w x m w Ž .x w Ž .x w x m Ž m . Ž . w x my 1 ii I и S a g S a и I q 1 y q r 1 y q h и I a a n, a a q S S и I I : P P и T T и I I. Ž . Ž . Ž Ž ..
Proof. By duality we only need to prove i and ii . Since
In fact, let N g T and M be the quasi-top of N, where T is a Ž X . nonhomogeneous tube. Applying Hom ᎐, M to the short exact sequence Ž . First, assume that P is decomposable with P s P [ P X and y2 y2 y1 y1
. If at least one of P and P X has dimension vector bigger than n, then y1 y1
Ž .
X by Proposition 2.6 i we may assume that dim P ) n. By using Lemma y1 Ž .
i we have
. , and c s c c . It suffices to prove
w X x w X x w x X P y q P и H , where H is a homogeneous quasi-simple and P w X x is a preprojective of defect y1. Consider T и P . By induction and 1 Ž . Lemma 3.3 i we have
w X x w x Ž . Without loss of generality, we can write T и P s PЉ и T, where Ѩ PЉ 1 w x w x s y1, T g T T. By using the commutativity T и H s H и T as stated in 1 1 Remark 2.2 and Proposition 2.4, we have
Ž .
If dim P s n and dim P X s n, then dim P -n and dim P X -n
Ž . then dim P q dim S b P r n. It follows from Lemma 3.3 and Theorem y1 Ž .
ii and iii that
y2
If P s P is the critical module and P X is not critical, then we have
w Ž .x w X x w x S b и P и P , and then repeat the above arguments. Thus, it rey1 y1 w Ž .x w x w x Ž . mains to consider S b и P и P ; this is Theorem 5.2 ii . Ž . Second, assume that P is indecomposable. By ) in 3.1 we get
Ž . Ž .w X x X where Y denotes the sum of all those productsP и r и
which P runs over decomposable preprojectives with dim P s dim P , y2 X w Ž .x w x and X s Ý S b и P и r in which c / 0, and hence 3 c
Žw Ž .x w x dim k HomŽ P , SŽ b.. w x w Ž .x. where X s Ý S b и P y q Pи S b g P P и T T by the 2 first case above; and
w x where Z s X y X y X g P P и T T, and Z is of the form Ýc M such where every N has no preinjective direct summands. By comparing both w x sides, we see that Ýc N s Z g P P и T T, and then the assertion follows.
This completes the proof.
GENERAL ARGUMENTS AND COMPOSITIOÑ ALGEBRAS OF TYPE A n˜˜6
.1. General Arguments. Let A be a path algebra of type A , D , E , n n 6˜Ž
. E , or E . In order to prove C C A s P P и T T и I I, we always use the following 7 8 arguments: Ž .
n Ž . Since C C A is ‫ގ‬ -graded, it suffices to prove C C A : P P и T T и I I for Proof. Keep the notations in 6.1. We need to prove
Ž . If l s y1: By using D we may assume that
is as follows: We cannot apply Lemma 4.4 i since c y1 y1
. P may not be in the -orbit of a simple projective. This completes the proof.
It is well known that if
A is a hereditary algebra and S a simple A-module, neither projective nor injective, then the Auslander᎐Reiten sequences, starting in S and ending in S have indecomposable middle term. Consequently, if S is preprojective and not projective, then S is in y1 Ž . Ž the -orbit of a projective P x , where x is a tip of the quiver which . means there is exactly one edge attached to x . We have the dual statement for S preinjective and not injective.Ĩ t follows that for a path algebra of type A a simple preprojective is n projective, and a simple preinjective is injective.
Ž . Note that for type A the possible defect-type is 1, y1 . By Lemmas 6.1 n and 6.2 we have˜Ž . THEOREM. Let A be a path algebra of type A . Then C C A s P P и T T и I I. The aim of this section is to prove 
Ž .
Second, assume that P is indecomposable. 
Proof. By Proposition 7.1 it suffices to prove the assertion for kQ, ª where Q is given in 8.1. By Lemma 6.1 it suffices to prove the statement Ž . Ž . S for all possible defect-types. However, we have seen in 8.1 that 1, y1 is a unique defect-type, and hence the assertion follows from Lemma 6.2.
COMPOSITION ALGEBRAS OF TYPE E n
The aim of this section is to prove˜Ž . THEOREM 9.1. Let A be a path algebra of type E n s 6, 7, or 8 . Then n Ž . C C A s P P и T T и I I. 9.2. In order to prove Theorem 9.1, by Proposition 7.1 it suffices tõ˜c onsider only one orientation for each type of E , E , or E . We choose 6 7 8 the orientation such that the maximal vertex z is a unique source. Thus, in the rest of this section we always denote by A the path algebras of the following three quivers: Ž . Ž . Ž . Ž . 4 9.3. Let ⍀ s S c for E ; S c , S b , S b , I b for E , and let Ž . Ž . s y1 and Ѩ P s yѨ S , such that dim S q dim P q dim P s d, then y1 w x w x w x S и P и P g P P и T T и I I. y1 Ž . Proof. Set i s Ѩ S . Then i s 2 or 3.
Ž . Ž . First, assume that dim P -n. Since Ѩ S q Ѩ P G 1, we have w x preinjective of defect s. It follows from the fact that H commutes with T as stated in Remark 2.2 and Proposition 2.4 that i w x w x w X x w x iq1 w x w X x w x w x q H и S и P и P y q S и P и P и H Ž . Ž . Ž . Let yi q 1 F l F m y i q 2 . Since l y m q i F y2, by applying D w x w x w Ž .x w x w x w x w Ž .x w x to P и T и I и S z we may assume that S и P и T и I и S z s S и w x P .
yŽ myl .
Ž . If P is a direct sum of modules in ⍀ , then, by Lemma 9.3 ii , yŽ myl . P P is not sincere, thus, dim S q dim P P r n since l y m q i / 0, yŽ myl . yŽ myl .
Ž . and hence the assertion follows from Theorem 1.1 ii .
If P has at least one indecomposable direct summand P with yŽ myl .
Ž . 1 Ž . P f ⍀ , then by Lemma 9.3 iii we have Ext ⍀ , P s 0. It follows that Ž .
